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Affine quotients of supergroups
A.N.Zubkov
Abstract
In this article we consider sheaf quotients of affine superschemes by affine su-
pergroups that act on them freely. The necessary and sufficient conditions for such
quotients to be affine are given. If G is an affine supergroup and H is its normal
supersubgroup, then we prove that a dur K-sheaf
˜˜
G/H is again affine supergroup.
Additionally, if G is algebraic, then a K-sheaf ˜G/H is also algebraic supergroup and
it coincides with
˜˜
G/H . In particular, any normal supersubgroup of an affine super-
group is faithfully exact.
Introduction
Let G be an algebraic group defined over an algebraically closed field K of an arbitrary
characteristic. A closed subgroup H of G is called exact iff the induced functor indGH is
exact. A remarkable theorem of Cline-Parshall-Scott says that H is exact iff the quotient
G/H is affine iffK[G] is an injective H-module [21]. In the category of affine schemes, well-
known Takeuchi’s theorem states that the dur K-sheaf (faisceau dur in the terminology
from [6]) of right cosets
˜˜
G/H is affine iff K[G] is a faithfully coflat right (or/and left,
respectively) K[H]-comodule iff K[G] is an injective cogenerator in the category of right
(or/and left, respectively) K[H]-comodules [12, 14]. In this case H is called faithfully
exact.
In the category of affine supergroups, only the second equivalence of the above Cline-
Parshall-Scott theorem has been recently proved in [1]. The definition of a dur K-sheaf
(as well as the definition of a K-sheaf or faisceau, see [6]) can be easily adapted to the
category of K-functors over commutative superalgebras. Therefore, it is natural to ask
whether, for an affine supergroup G and its supersubgroup H, the dur K-sheaf
˜˜
G/H is
affine. In the case when G is algebraic, that is K[G] is a finitely generated superalgebra,
one can also ask whether the K-sheaf ˜G/H is affine. Notice that in general we only have
inclusion ˜G/H ⊆ ˜˜G/H but if ˜G/H is an affine superscheme, then ˜G/H = ˜˜G/H.
In the present article we consider more general case when G acts on an affine su-
perscheme X freely and we give necessary and sufficient conditions for
˜˜
X/G (and ˜X/G,
respectively) to be an affine superscheme. Following [10, 12, 14] we generalize some the-
orems about Hopf algebras and their coideal subalgebras to Hopf superalgebras and their
coideal supersubalgebras. In particular, we obtain a superalgebra version of the above
Takeuchi’s theorem.
Equipped with these results, we proceed to prove the main theorem of our article.
Namely, the fundamental theorem of the algebraic group theory states that if G is an
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algebraic group and H is its closed normal subgroup, then G/H is again an algebraic
group, see [6, 17, 27]. For any affine supergroup G and its closed normal supersubgroup
H we prove that
˜˜
G/H is again an affine supergroup. Moreover, if G is algebraic, then
˜˜
G/H = ˜G/H is also algebraic. It follows that any closed normal supersubgroup of an
affine supergroup is faithfully exact.
The article is organized as follows. In the first section necessary definitions and nota-
tions concerning super(co)algebras and super(co)modules over them are collected. On top
of that, (co)flat and faithfully (co)flat super(co)modules are defined and some well-known
results about flat and faithfully flat modules over commutative algebras are generalized
to (super)modules over commutative superalgebras. In the second section we introduce
K-functors as functors from the category of commutative superalgebras to the category
of sets. More attention is paid to the particular case of affine superschemes. We also
define (dur) K-sheafs and completions of certain K-functors in the Grothendieck topol-
ogy of faithfully flat (faithfully flat and finitely presented) coverings. In the third section
we define the superspace of distributions of an affine superscheme. This superspace has
a natural structure of (cocommutative) Hopf superalgebra provided the original super-
scheme is a supergroup. Moreover, if charK = 0 and this supergroup is algebraic, then
we prove that the corresponding distribution superalgebra is isomorphic to the universal
enveloping superalgebra of its Lie superalgebra. In addition, we introduce the notion of
Lie superalgebra functor by means of superalgebra of dual numbers (see [29]).
In the fourth section we consider an affine superscheme X and a supergroup G that
acts on X (on the right) freely. We give necessary and sufficient conditions for a quotient
˜˜
X/G ( ˜X/G) to be affine. The main results of the fifth section are Theorem 5.1 and 5.2.
Theorem 5.1 says surprisingly more about Hopf supersubalgebras than one would expect.
Keeping in mind Takeuchi’s theorem it would be quite natural to expect that a Hopf
superalgebra is (left and right) faithfully flat supermodule over its Hopf supersubalgebra
but it is actually faithfully flat as a module!
In sixth and ninth sections we prove the main result of this article. The principal idea
is different from [11, 17] for the following reason. In the category of vector superspaces,
an exterior power does not have the same nice properties as in the category of vector
spaces. More precisely, if V is a superspace of finite (super)dimension (m,n) and W is
its supersubspace of (super)dimension (s, t), where t > 0, then no exterior power Λd(W )
is one-dimensional. In particular, the ”naive” or ”direct” generalization of Chevalley’s
theorem is not possible. Instead of exterior powers one can use a berezinian Bers|t(W )
of W but it does not solve our problem. In fact, we would have to embed Bers,t(W ) to
something like Bers,t(V ) (analogously as Λ
k(U) is embedded into Λk(L), where U is a
subspace of a space L and k = dimU) but there is no appropriate definition of such a
supermodule. To overcome this obstacle, we construct to any normal supersubgroup some
biggest normal supersubgroup over which the quotient is affine. Next step is to prove that
the original supersubgroup coincides with this new one. For charK = p > 0 we use some
trick with a Frobenius map. The characteristic zero case is much more complicated and
we have to introduce a notion of a pseudoconnected component of a supergroup to reduce
our problem to the case of a finite normal supersubgroup. Besides, we use induction on
superdimensions of Lie superalgebras of our supergroups and some properties of adjoint
representations. In the final section an example of faithfully exact supersubgroup is given.
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This is a Levi supersubgroup of a general linear supergroup. Furthermore, we construct
an affine superscheme X on which a finite (odd) unipotent supergroup G acts in a such
way, that neither
˜˜
X/G, nor ˜X/G is affine.
In seventh and eighth section a partial answer for the following Brundan’s question is
given. Let G be an algebraic supergroups and H be its supersubgroup such that Hev is
reductive. Is it true that
˜˜
G/H is affine? We show that the answer is positive if charK =
p > 0 or G is finite.
1 Super(co)algebras and super(co)modules
We follow definitions and notations from [1, 2] (see also [8]). Let K be a field of charac-
teristic p 6= 2. For a K-vector superspace V its superdimension is defined as s dimV =
(dimV0,dimV1). Let A be a (associative) superalgebra over K. Denote by A− smod (or
smod−A, respectively) the category of all left (or right, respectively) A-supermodules with
even morphisms. Let X be a left (or right) A-supermodule with Z2-grading X = X0⊕X1.
For any x ∈ X denote by x0 and x1 its homogeneous components, that is x0 ∈ X0, x1 ∈ X1
and x = x0 + x1. If X ∈ smod− A,Y ∈ A− smod, then the tensor product X ⊗A Y has
a natural Z2-grading given by |x⊗ y| = |x|+ |y| (mod 2) for x ∈ X, y ∈ Y .
A superalgebra A has the opposite companion A◦ whose underlying superspace coin-
cides with A and the multiplication in A◦ is defined by a ∗ b = (−1)|a||b|ba. It is clear
that (A◦)◦ = A. We have an equivalence of categories A − smod ≃ smod − A◦ given by
M 7→M◦ for M ∈ A−smod, whereM◦ coincides with M as a superspace and a structure
of a right supermodule on M◦ is defined by m ∗ a = (−1)|m||a|am for a ∈ A,m ∈ M . For
any X ∈ smod−A,Y ∈ A− smod, we have an isomorphism X ⊗A Y ≃ Y ◦ ⊗A◦ X◦ given
by x⊗ y 7→ (−1)|x||y|y ⊗ x for x ∈ X, y ∈ Y which is functorial in X and Y .
A superalgebra A is called commutative if any homogeneous elements a, b ∈ A satisfy
ab = (−1)|a||b|ba. In particular, A = A◦ and A − smod ≃ smod − A. In other words,
any one-sided A-supermodule has a canonical structure of a A-superbimodule. Denote
by SAlgK the category of all commutative K-superalgebras with even morphisms. If
φ : B → A,ψ : B → C are morphisms in SAlgK , then A ⊗B C ∈ SAlgK (see [8]). From
now on, all superalgebras are commutative unless otherwise stated.
Let K[m|n] = K[t1, . . . , tm|z1, . . . zn] be a free commutative superalgebra with free
generators t1, . . . , tm, z1, . . . zn, where |ti| = 0, |zj | = 1 for 1 ≤ i ≤ m, 1 ≤ j ≤ n. It can
be identified with the symmetric superalgebra S(V ) of a superspace V , where dimV0 =
m,dimV1 = n (see [1]).
Lemma 1.1 Let R = R0
⊕
R1 be a superalgebra. Then
i) If R is finitely generated, then R is noetherian;
ii) Every one-sided superideal of R is two-sided;
iii) A prime ideal P of R has a form P = P0 + R1, where P0 is a prime ideal of R0. If
M is a maximal one-sided ideal of R, then M =M0 +R1, where M0 is a maximal ideal
of R0. In particular, all these ideals are superideals.
Proof. The statement ii) is obvious. To prove i) we notice that K[m|n] is finitely generated
module over K[t1, . . . , tm]. Finally, iii) holds since RR1 is a nil ideal.
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Remark 1.1 It is not true that every one-sided ideal in a superalgebra is necessary two-
sided. For example, the left ideal K[1|2](t1 + z1) is not two-sided.
Denote by R
√
I the prime radical of a superideal I. It is the intersection of all prime ideals
containing I. It is not difficult to see that
R
√
I = {r ∈ R|∃n, rn ∈ I} = {r ∈ R|∃n, rn0 ∈ I0},
where for the last equality we used the obvious formula rn = rn0 + nr
n−1
0 r1.
Let A be a (not necessary commutative) superalgebra. A left supermodule Y ∈ A −
smod (a right supermodule Y ∈ smod − A, respectively) is called flat if the functor
X → X⊗AY (X → Y ⊗AX, respectively) is an exact functor from the category smod−A
(A− smod, respectively) to the category of superspaces.
Next, Y ∈ A − smod (Y ∈ smod − A, respectively) is called faithfully flat if the
corresponding functor is faithfully exact, that is the exactness of any sequence X ′ → X →
X ′′ in smod−A (in A− smod, respectively) is equivalent to the exactness of the sequence
of superspaces X ′ ⊗A Y → X ⊗A Y → X ′′ ⊗A Y (Y ⊗A X ′ → Y ⊗A X → Y ⊗A X ′′,
respectively). Using the previous discussion, a left A-supermodule Y is flat (faithfully
flat) iff the right A◦-supermodule Y ◦ is flat (faithfully flat). If A is commutative, then any
supermodule is left flat (left faithfully flat) iff it is right flat (right faithfully flat). Most of
standard characterizations of flatness or faithful flatness from [3] can be easily translated
to the supercase. We call such translation a superversion of the corresponding statement.
Proofs of superversions of results from [3] that are not difficult are left to the reader.
Let A be an algebra and let S be a multiplicative set belonging to the center of A. The
algebra of fractions S−1A and the left (or right, respectively) S−1A-module of fractions
S−1X ≃ S−1A⊗AX (or S−1X ≃ X⊗AS−1A, respectively) for left (or right, respectively)
A-moduleX is defined in the usual way. If A is a superalgebra, X is an A-supermodule and
S ⊆ A0, then S−1X is also an A-supermodule with Z2-grading given by (S−1X)i = S−1Xi
for i = 0, 1.
Lemma 1.2 Let A and S be as above. Then
i) S−1A is a flat A-module;
ii) If central elements a1, . . . , an ∈ A generate A as an ideal, then the algebra
∏
1≤i≤nAai
is a faithfully flat (left and right) A-module.
Proof. The first statement is an easy generalization of Theorem 1 from [3], II, §2. To
prove the second statement, use Proposition 1 from [3], I, §3 and observe that all powers
of the elements a1, . . . , an again generate A as an ideal.
Lemma 1.3 A superalgebra A is generated by elements a1, . . . , an as a left (or right) ideal
iff A is generated by their even components.
Proof. Assume that 1 =
∑
1≤i≤n biai. Set ai,k, bi,k ∈ Ak, for 1 ≤ i ≤ n and k = 0, 1. Then∑
1≤i≤n
bi,0ai,0 = 1−
∑
1≤i≤n
bi,1ai,1
and the element 1−∑1≤i≤n bi,1ai,1 ∈ 1 +AA1 is invertible.
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Corollary 1.1 If A is a superalgebra and a1, . . . , an ∈ A0 generate A0 as ideal, then the
superalgebra
∏
1≤i≤nAai is a faithfully flat (left and right) A-module.
The spectrum of all maximal ideals of a superalgebra A is denoted by Max(A). For any
M ∈ Max(A) we denote by NM an even localization of an A-supermodule N . More
precisely, NM = (A0 \M0)−1N .
In what follows all algebras are superalgebras.
Lemma 1.4 If M ∈ Max(A), then the algebra AM is local and MAM is its Jacobson
radical. In particular, the left (and right) A-module B =
⊕
M∈Max(A)AM is faithfully
flat.
Proof. If an element a = a0 + a1 ∈ A is such that a0 6∈ M0, then a−1 = 1a0 − a1a20 ∈ AM.
Next, by Lemma 1.2, the A-moduleB is flat andMB 6= B,BM 6= B for allM ∈Max(A).
Lemma 1.5 A morphism of left (or right) A-modules M → N is a monomorphism (an
epimorphism or an isomorphism, respectively) iff the induced morphism MM → NM is
injective (surjective or bijective, respectively) for any M∈Max(A).
Proof. A word-by-word repetition of the proof of Theorem 1, II, §3, [3] combined with
Lemma 1.4.
Lemma 1.6 A left (or right) A-module M is flat (faithfully flat, respectively) iff MM is
a flat (faithfully flat, respectively) AM-module for all M ∈Max(A).
Proof. The necessary condition is a consequence of Proposition 8, I, §2 and Proposition
4, I, §3 from [3]. For the sufficient condition, assume that MM is a flat (and, for example,
right) A-module for all M ∈ Max(A). If N1 → N2 is an inclusion of left A-modules,
combine (M ⊗AN)M ≃MM⊗AN with Lemma 1.5 to obtain that M ⊗AN1 →M ⊗AN2
is again an inclusion. Additionally, if MM is faithfully flat for all M ∈ Max(A), then
MMM 6=MM implies MM 6=M .
Proposition 1.1 Let φ : A → B be a morphism of superalgebras and let M be a B −
A-bimodule (an A − B-bimodule, respectively) such that ma = φ(a)m for m ∈ M,a ∈
A0 (am = mφ(a) for m ∈ M,a ∈ A0, respectively). Then the following properties are
equivalent:
i) M is a flat A-module;
ii) MN is a flat A-module for all N ∈Max(B);
iii) MN is a flat AM-module for every N ∈Max(B), where M = φ−1(N ).
Proof. Use Lemmas 1.2 and 1.5 to copy the proof of Proposition 15, II, §3, [3].
Corollary 1.2 If M is a B-supermodule, then the conditions of Proposition 1.1 hold
automatically. In particular, the properties i)-iii) are equivalent.
LetM be a flat left (or right, respectively) A-module over an algebra A and let α be an
automorphism of A. Denote by Mα an A-module such that Mα =M and a ⋆m = α(a)m
(or m⋆ a = mα(a), respectively) for a ∈ A,m ∈M . The corollary after Proposition 13, I,
§2 of [3] implies that M is a flat A-module iff Mα is a flat A-module.
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All necessary definitions and notations concerning supercoalgebras, Hopf superalgebras
and supercomodules over them can be found in [1, 2]. If C is a supercoalgebra and V is
a left (or right, respectively) C-supercomodule, then a counit of C and a coaction map
V → C ⊗ V (or V → V ⊗ C, respectively) are denoted by ǫC and τV correspondingly. A
comultiplication of C is denoted by δC . Additionally, if C is a Hopf superalgebra, then its
antipode is denoted by sC . The category of left (or right, respectively) C-supercomodules
with even morphisms is denoted by C − scomod (or scomod − C, respectively). If V ∈
scomod− C,W ∈ C − scomod, then one can define a cotensor product
VCW = {x ∈ V ⊗W |(τV ⊗ idW )(x) = (idV ⊗ τW )(x)}.
A left (or right, respectively) C-supercomodule V is called (faithfully) coflat if the functor
W →WCV (orW → VCW , respectively) is (faithfully) exact, whereW ∈ scomod−C
(or W ∈ C − scomod, respectively).
Lemma 1.7 (see A.2.1, [14]) A right (or left) C-supercomodule V is coflat (faithfully
coflat, respectively) iff V is injective (an injective cogenerator, respectively).
Proof. Let V ∈ scomod − C, W ∈ C − scomod and dimW < ∞. The dual superspace
W ∗ has a uniquely defined structure of a right C-supercomodule given by
∑
f1(w)c
′
2 =∑
f(w1)c2, where τW (w) =
∑
c2 ⊗ w1, τW ∗(f) =
∑
f1 ⊗ c′2 for w ∈ W,f ∈ W ∗. We have
an isomorphism of superspaces VCW → HomC(W ∗, V ) induced by v ⊗ w(f) = f(w)v
for v ∈ V , w ∈ W,f ∈ W ∗. Since this isomorphism is functorial in W , we conclude the
proof as in [14].
2 K-functors and K-sheafs (faisceaux)
Following the book [4] we call a functor from the category SAlgK to the category of sets a
K-functor. The category of all K-functors is denoted by F . A K-functor SSp R defined
as SSp R(A) = HomSAlgK (R,A) for A ∈ SAlgK is called an affine superscheme (this
definition is different from the definition used in [1] since we do not suppose that R is
finitely generated). The superalgebra R ∈ SAlgK is called a coordinate superalgebra of the
superscheme SSp R. If X = SSp R, then R is also denoted by K[X].
Lemma 2.1 (Yoneda’s lemma, [4], part I, (1.3)) For an affine superscheme SSp R and
a K-functor X there is a canonical isomorphism Mor(SSp R,X) ≃ X(R) which is func-
torial in both arguments. In particular, the category SAlgK is anti-equivalent to the full
subcategory of affine superschemes.
Proof. The statement of the lemma is a partial case of more general theorem about
covariant representable functors (see [5], Theorem 1.6). The isomorphism is given by
f 7→ xf = f(R)(idR) for f ∈ Mor(SSp R,X) and the inverse map is given by x 7→ fx,
where fx(α) = X(α)(x) for x ∈ X(R), α ∈ HomSAlgK(R,A) and A ∈ SAlgK .
Corollary 2.1 The universal property of A⊗B C implies a canonical isomorphism
SSp A×SSp B SSp C ≃ SSp A⊗B C.
6
The affine superscheme Am|n = SSp K[t1, . . . , tm|z1, . . . zn] is called (m|n)-affine super-
space. It is clear that Am|n(B) = Bm0
⊕
Bn1 for B ∈ SAlgK . In particular, A1|1(B) = B
for any superalgebra B.
Let I be a superideal of R ∈ SAlgK . Denote by V (I) a closed subfunctor of SSp R
corresponding to I. By definition, V (I)(A) = {φ ∈ SSp R(A)|φ(I) = 0}. It is obvious
that V (I) ≃ SSp R/I. All standard properties of closed subfunctors of affine schemes
mentioned in [4], part I, (1.4) are translated to the category of affine superschemes per
verbatim.
Let X be an affine superscheme. A functor Y ⊆ X is called open if
Y (A) = {x ∈ X(A)|
∑
f∈I
Ax(f) = A}
for a subset I ⊆ K[X] and A ∈ SAlgK . Denote this functor by D(I).
Lemma 2.2 i) If J is the smallest superideal containing I, then D(I) = D(J) = D(J0);
ii) Let I and I ′ be superideals of R. Then D(I) ⊆ D(I ′) iff R√I ⊆ R√I ′. Additionally,
D(I) = D( R
√
I) = D( R0
√
I0).
Proof. All statements can be proved by the same trick with a representation of unit as
in Lemma 1.3 and by the standard reductions to quotients modulo prime ideals (see [4],
part I (1.6)).
An important example of an open subfunctor is a so-called principal open subfuctor
Xf = D({f}) for f ∈ K[X]. It can be checked easily that Xf = Xf0 is again an affine
superscheme and K[Xf ] = K[X]f0 . All other properties of open subfunctors mentioned
in [4], part I (1.6) are easily translated to the category of affine superschemes.
Let G be a group K-functor, that is a K-functor to the category of groups. We
say that G acts on a K-functor X on the right (on the left, respectively) if there is
a morphism of functors f : X × G → X (g : G × X → X, respectively) such that
f(idX × µ) = f(f × idG) and fiE = idX (g(µ × idX) = g(idG × g) and gjE = idX ,
respectively). Here µ : G×G→ G is a multiplication of G and iX : X → X×G is defined
as iX(R)(x) = (x, 1G(R)) (jX(R)(x) = (1G(R), x), respectively) for x ∈ X(R), R ∈ SAlgK .
From now on we consider any action on right unless otherwise stated.
It is obvious that the category of affine group superschemes (= affine supergroups) is
anti-equivalent to the category of commutative Hopf superalgebras (see [1, 4]). If G is an
affine supergroup, then denote by ǫG, δG and sG the counit, comultiplication and antipode
of K[G] correspondingly. If K[G] is finitely generated, then G is called an algebraic
supergroup. Closed supersubgroups H ≤ G are in one-to-one correspondence with Hopf
superideals IH ⊆ K[G] such that H = V (IH). If X and G are affine, then an action of G
on X is uniquely defined by a morphism of superalgebras τ : K[X]→ K[X]⊗K[G] with
respect to which K[X] is a right K[G]-supercomodule.
Let V be a vector superspace of superdimension (m,n). Denote by GL(V ) or by
GL(m|n) the corresponding general linear supergroup. More precisely, GL(V ) is a group
K-functor such that for any B ∈ SAlgK the group GL(V )(B) consists of all even and
B-linear automorphisms of V ⊗ B. It is not difficult to see that GL(V ) is an algebraic
supergroup (see [1, 24, 25] for more details). A linear representation of a group K-functor
G is a morphism of group K-functors ρ : G → GL(V ). In this case the superspace V
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is called G-supermodule. If G is an affine supergroup, then V is a G-supermodule iff it
is a right K[G]-supercomodule (see [1, 4]). In fact, fix a basis v1, . . . , vm+n of V such
that |vi| = 0 if 1 ≤ i ≤ m and |vi| = 1 otherwise. Set τV (vi) =
∑
1≤j≤m+n vj ⊗ rji for
1 ≤ i ≤ m+ n. Then ρ(g) = (g(rij)) for g ∈ G(B) and B ∈ SAlgK .
From now on, any group K-functor is affine unless otherwise stated. Let W be a
supersubspace of a finitely dimensional G-supermodule V . The stabilizer StabG(W ) is
a group subfunctor defined as StabG(W )(A) = {g ∈ G(A)|g(W ⊗ 1) ⊆ W ⊗ A} for
A ∈ SAlgK . It is easy to see that StabG(W ) is a closed supersubgroup of G. In fact,
without loss of generality one can assume that v1, . . . , vs, vm+1, . . . , vm+t for s ≤ m, t ≤ n
is a basis of W . Denote by M the set of indexes {1, . . . , s,m + 1, . . . m + t}. Then
g ∈ StabG(W )(A) iff g(rji) = 0 for all j 6∈M, i ∈M and A ∈ SAlgK .
Let R1, . . . , Rn be a finite family of commutative R-superalgebras with respect to a set
of morphisms ιRiR : R→ Ri in SAlgK . Such a family is called faithfully flat covering of R
(ff-covering, for short) whenever R-supermodule R1 × . . . × Rn is faithfully flat. We say
that R-superalgebra R′ is finitely presented if R′ ≃ R[m|n]/I, where R[m|n] = R⊗K[m|n]
and I ⊆ R[m|n] is a finitely generated superideal. It is not difficult to check that R′ is a
finitely presented R-superalgebra iff R′ ≃ R⊗A A[m|n]/I, where A is a finitely generated
supersubalgebra of R (see [6], I, §3). Following [4] we call a ff-covering R1, . . . , Rn fppf-
covering if all Ri are finitely presented R-superalgebras.
A K-functor X is called dur K-sheaf (or faisceau dur) if for any ff-covering R1, . . . Rn
of a superalgebra R the diagram
X(R)→
∏
1≤i≤n
X(Ri)
→
→
∏
1≤i,j≤n
X(Ri ⊗R Rj)
is exact, where the last two maps are induced by morphisms Ri → Ri ⊗R Rj and
Ri → Rj ⊗R Ri, respectively, defined as a 7→ a ⊗ 1 and b 7→ 1 ⊗ b for a, b ∈ Ri. This
property is equivalent to the following two conditions. For all R1, . . . , Rn, R,R
′ ∈ SAlgK ,
where R′ is a faithfully flat R-supermodule, there is a canonical bijection X(
∏
1≤i≤nRi) ≃∏
1≤i≤nX(Ri) and the diagram
X(R)→ X(R′) →→ X(R
′ ⊗R R′)
is exact, see [4]. Replacing ff-coverings by fppf-coverings we obtain a definition of a K-
sheaf (or faisceau), cf. [6, 4]. Denote the full subcategory of K-sheafs (dur K-sheafs,
respectively) by F˜ ( ˜˜F , respectively). It is clear that ˜˜F ⊆ F˜ and it can be checked easily
that any affine supersheme is a dur K-sheaf, see [4], part I (5.3).
For a K-functor X one can construct an associated K-sheaf X˜ and a dur K-sheaf ˜˜X
following the way described in [6], III, §1 . We consider a partial case following [4], part I
(5.4). Assume that the K-functor X satisfies the following conditions :
(*) X(
∏
1≤i≤nRi) ≃
∏
1≤i≤nX(Ri) for all R1, . . . , Rn ∈ SAlgK ;
(**) X(R)→ X(R′) is an inclusion for arbitrary fppf-covering R′ of superalgebra R.
The family of allK-functors satisfying the properties (*) and (**) is closed under direct
products. Define a partial order on the set of all fppf-coverings of a superalgebra R by the
following rule: R′ ≤ R′′ if R′′ is a fppf-covering of R′. Clearly, this poset is directed since
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R′, R′′ ≤ R′ ⊗R R′′ for any two fppf-coverings of R. For each superalgebra R define the
direct spectrum
X (R) = {X(R′, R) = ker(X(R′) →→ X(R
′ ⊗R R′))|R′ is a fppf-covering of R}
with canonical inclusions X(R′, R) → X(R′′, R) for any couple R′ ≤ R′′. Observe that
R′′ ⊗R R′′ is a fppf-covering of R′ ⊗R R′ and set X˜(R) = lim
→
X (R). The functor X˜ is the
required completion of X with respect to the Grothendieck topology of fppf-coverings. A
canonical inclusion αX : X → X˜ induces a canonical bijection Mor(X˜, Y ) →Mor(X,Y )
for any K-sheaf Y . One gets easily that if X is a subfunctor of a K-sheaf Y satisfying
(*), then X˜ ⊆ Y . Moreover,
X˜(R) = {y ∈ Y (R)|there is R′ ≥ R such that Y (ιR′R )(y) ∈ X(R′)}.
To prove all of the above statements we only need a superversion of Proposition 4 [3],
I, §3 together with an additional statement which says that R = ∏1≤i≤nRi ≤ R′ iff
Ri = Rei ≤ R′ei for any i, where ei = (0, . . . , 1︸︷︷︸
i−th place
, . . . , 0) and 1 ≤ i ≤ n. Arguments
for dur K-sheafs are the same, except that fppf-coverings are replaced by ff-coverings.
Lemma 2.3 Let G be a group K-functor that satisfies (*) and (**) for all ff-coverings
(fppf-coverings, respectively). Then ˜˜G (G˜, respectively) is again a group dur K-sheaf (a
group K-sheaf, respectively) and the canonical inclusion G→ ˜˜G (G → G˜, respectively) is
a morphism of group functors.
Proof. Let g, g1, g2 ∈ ˜˜G(A). For a suitable ff-covering B of a superalgebra A we set
g = ˜˜G(ιBA)(g) and gi =
˜˜G(ιBA)(gi) ∈ G(B) for i = 1, 2. The pair (g1, g2) belongs to
(G × G)(B,A) which implies g1g2 ∈ G(B,A). Define g1g2 = ˜˜G(ιBA)−1(g1g2) ∈ ˜˜G(A) and
g−1 = ˜˜G(ιBA)
−1(g−1). These definitions do not depend on the choice of B. If φ : A→ C is
a morphism in SAlgK , B and B
′ are ff-coverings of A and C, respectively, then B⊗AB′ is
a ff-covering of C and B′, respectively. Denote by α and β the morphisms B → B ⊗A B′
and B′ → B ⊗A B′ given by α(b) = b ⊗ 1, β(b′) = 1 ⊗ b′ for b ∈ B, b′ ∈ B′ and set
xi =
˜˜G(φ)(gi), xi =
˜˜G(ιB
′
C )(xi) for i = 1, 2. Then
˜˜G(βιB
′
C φ)(g1g2) =
˜˜G(αιBA)(g1g2) = G(α)(g1)G(α)(g2) = G(β)(x1)G(β)(x2) =
˜˜G(βιB
′
C )(x1x2)
and since the map ˜˜G(βιB
′
C ) is injective we infer that
˜˜G(φ)(g1g2) = x1x2. The remaining
statements of the lemma are now obvious. The case of K-sheafs is anologous.
3 Superalgebras of distributions and Lie superalgebras
Let X be an affine superscheme. Following [4] we call any element of Distn(X,M) =
(K[X]/Mn+1)∗ a distribution onX with support atM∈Max(K[X]) of orded ≤ n (notice
that Max(K[X]) is obviously identified with X(K)). We have
⋃
n≥0Distn(X,M) =
Dist(X,M) ⊆ K[X]∗. If g : X → Y is a morphism of affine superschemes, then it
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induces a morphism of filtered superspaces dgM : Dist(X,M)→ Dist(Y, (g∗)−1(M)). In
particular, if X = V (I) is a closed supersubscheme of Y , then Dist(X,M) is identified
with a filtered supersubspace {φ ∈ Dist(Y,M)|φ(I) = 0}, where I ⊆M.
If X is an algebraic supergroup and M = ker ǫX , then Dist(X,M) is denoted by
Dist(X). In this case Dist(X) has a structure of a Hopf superalgebra with a multiplication
φψ(f) =
∑
(−1)|ψ||f1|φ(f1)ψ(f2) for φ,ψ ∈ Dist(X), f ∈ K[X] and δX(f) =
∑
f1 ⊗ f2,
with a unit ǫX and with a counit ǫDist(X) : φ 7→ φ(1). The comultiplication of Dist(X)
is dual to the multiplication of K[X], cf. [24, 25]. Finally, an antipode sDist(X) is defined
by sDist(X)(φ)(f) = φ(sX(f)) for φ ∈ Dist(X) and f ∈ K[X].
We have Distk(X)Distl(X) ⊆ Distk+l(X) for all k, l ≥ 0, that is the superalgebra
Dist(X) is a filtered algebra. The superspace Lie(X) = {φ ∈ Dist1(X)|φ(1) = 0} has a
Lie superalgebra structure given by [φ,ψ] = φψ − (−1)|φ||ψ|ψφ. As a Hopf superalgebra,
Dist(X) is cocommutative which means that δDist(X)(φ) =
∑
φ1⊗φ2 =
∑
(−1)|φ1||φ2|φ2⊗
φ1. Additionally, each Distn(X) is a supersubcoalgebra of Dist(X). For arbitrary mor-
phism of algebraic supergroups g : X → Y its differential dg = dgM : Dist(X)→ Dist(Y )
is a homomorphism of filtered Hopf superalgebras. In particular, its restriction to Lie(X)
is a homomorphism of Lie superalgebras.
Let L be a Lie superalgebra. Denote by U(L) its (universal) enveloping superalgebra,
see [26]. The superalgebra U(L) is a Hopf superalgebra with a comultiplication defined
by δU(L)(x) = x ⊗ 1 + 1 ⊗ x for x ∈ L. Its counit ǫU(L) is defined by ǫU(L)(L) = 0 and
its antipode sU(L) is defined by sU(L)(x) = −x for x ∈ L. The antipode sU(L) is an anti-
automorphism of U(L) such that sU(L)(uv) = (−1)|u||v|sU(L)(v)sU(L)(u) for u, v ∈ U(L).
The Hopf superalgebra U(L) is obviously filtered and cocommutative.
The inclusion Lie(X) ⊆ Dist(X) induces a morphism gX : U(Lie(X)) → Dist(X) of
superalgebras.
Lemma 3.1 (see Lemma 1.2, II, §6, [6]) If charK = 0 and X is an algebraic supergroup,
then gX is an isomorphism of Hopf superalgebras.
Proof. Let φ1, . . . , φn form a basis of Lie(X) dual to a homogeneous basis f1, . . . , fn of the
superspace M/M2, where |φi| = |fi| = 0 for 1 ≤ i ≤ t and |φj | = |fj| for t+ 1 ≤ j ≤ n.
By induction on l and using formula (3.1) of [24] we infer that
ψ1 . . . ψl(g1 . . . gl) =
∑
1≤i≤l
(−1)
P
1≤t<i |gi||gt|+
P
1<t |gi||ψt|ψ1(gi)×
∑
σ(1)=i
(−1)
P
2≤s<t,σ(s)>σ(t) |gσ(s)||gσ(t)|+
P
2≤j<k |ψk||gσ(j)|ψ2(gσ(2)) . . . ψl(gσ(l))
for ψ1, . . . , ψl ∈ Lie(X) and g1, . . . , gl ∈ M. This implies
ψ1 . . . ψl(g1 . . . gl) =
∑
σ∈Sl
(−1)
P
s<t,σ(s)>σ(t) |gσ(s)||gσ(t)|+
P
j<i |ψi||gσ(j)|ψ1(gσ(1)) . . . ψl(gσ(l)).
In particular, ∏
1≤i≤n
φsii (
∏
1≤i≤n
fdii ) = ±δs1, d1 . . . δsn, dns1! . . . sn!,
where l = s1+ . . .+ sn = d1+ . . .+ dn and st+1, . . . , sn, dt+1, . . . , dn ∈ {0, 1}. Comparison
of dimensions shows that gX is an isomorphism of superalgebras.
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By definition, δDist(X)(φ)(f1⊗f2) = φ(f1f2) = ǫX(f1)f2+f1ǫX(f2) for any φ ∈ Lie(X),
that is δDist(X)(φ) = φ⊗1+1⊗φ. The same formula (3.1) of [24] implies that sX(f)+f ∈
M2 for f ∈ M. In particular, sDist(X)(φ)(f) = φ(sX(f)) = −φ(f) for φ ∈ Lie(X), that is
sDist(X)(φ) = −φ. Thus gX is an isomorphism of filtered Hopf superalgebras.
For A ∈ SAlgK let A[ε0, ε1] be a (commutative) superalgebra of dual numbers. By
definition, A[ε0, ε1] = {a + ε0b + ε1c|a, b, c ∈ A}, |εi| = i, εiεj = 0, i, j ∈ {0, 1}. We have
two morphism of superalgebras pA : A[ε0, ε1] → A and iA : A → A[ε0, ε1] defined by
a+ ε0b+ ε1c 7→ a and a 7→ a respectively. Define the functor Lie(G) as
Lie(G)(A) = ker(G(A[ε0, ε1])
G(pA)→ G(A), A ∈ SAlgK .
It is called Lie superalgebra functor of G. Let V be a superspace. Define the functor Va
from SAlgK to the category of vector superspaces, by Va(A) = V ⊗ A. The following
lemma is obvious (see also [27, 29]).
Lemma 3.2 There is an isomorphism of abelian group functors Lie(G)a ≃ Lie(G) given
by
(v ⊗ a)(f) = ǫG(f) + (−1)|a||f |ε|v⊗a|v(f)a, v ∈ Lie(G) = (M/M2)∗, a ∈ A, f ∈ K[G].
If we identify Lie(G) ⊗ A with HomK(M/M2, A) via (v ⊗ a)(f) = (−1)|a||f |v(f)a, then
the above isomorphism can be represented as
u 7→ ǫG + ε0u0 + ε1u1, u ∈ HomK(M/M2, A).
Besides, this isomorphism induces the A-supermodule structure on Lie(G)(A). The su-
pergroup G acts on the functor Lie(G) by
(g, x) 7→ G(iA)(g)xG(iA)(g)−1, g ∈ G(A), x ∈ Lie(G)(A), A ∈ SAlgK .
This action is called adjoint and denoted by Ad.
Lemma 3.3 The adjoint action is linear. In particular, it induces a supergroup morphism
G→ GL(Lie(G)).
Proof. Let u = v ⊗ a ∈ Lie(G) ⊗ A and g ∈ G(A). Denote the element G(iA)(g) by g¯.
Then
g¯ug¯−1(f) =
∑
g(f1)u(f2)g(sG(f3)) = ǫG(f)+
∑
(−1)|a||f |+|f1||v|ε|u|g(f1)v(f2)g(sG(f3))a =
(g¯(v ⊗ 1)g¯−1a)(f),
where (δG ⊗ 1)δG(f) = (1⊗ δG)δG(f) =
∑
f1 ⊗ f2 ⊗ f3, f ∈ K[G].
Lemma 3.4 The differential of Ad coincides with −ad.
Proof. Denote Lie(G) by L. We have a commutative diagram
G(K[ε0, ε1])
Ad→ GL(L)(K[ε0, ε1])
↑ ↑
Lie(G)
d(Ad)→ gl(L).
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Notice that the image of A ∈ gl(L) in GL(L)(K[ε0, ε1]) is equal to idL + ε0A0 + ε1A1.
Choose x, y ∈ Lie(G). Then
t = (d(Ad)(x))(y) = (ǫG + ε|x|x)(ǫG + ε
′
|y|y)(ǫG − ε|x|x),
where the product is computed in GL(L)((K[ε0, ε1])[ε
′
0, ε
′
1]). Further,
t(f) = ǫG(f) + ε
′
|y|(y(f) + ε|x|(
∑
(−1)|x||y|x(f1)y(f2)ǫG(f3)− ǫG(f1)y(f2)x(f3))) =
ǫG(f) + ε
′
|y|(y(f)− ε|x|[y, x](f)).
Following [6], II, §4, we will denote the image of u ∈ Lie(G)(A) in G(A[ε0, ε1]) by
eε0u0+ε1u1 .
4 Quotient K-sheafs
Let G be a group dur K-sheaf and assume that G acts freely on a dur K-sheaf X, that
is for any R ∈ SAlgK the group G(R) acts freely on X(R). Then the functor R →
(X/G)(n)(R) = X(R)/G(R) satisfies the properties (*) and (**) for ff-coverings. The
proof of this fact can be copied from [4], part I (5.5). Call the above functor (X/G)(n)
a naive quotient, the dur K-sheaf
˜˜
(X/G)(n) a quotient dur K-sheaf (of X by G) and
denote it by
˜˜
X/G. Then (X/G)(n) ⊆ ˜˜X/G and there is a canonical G-invariant morphism
˜˜π : X → ˜˜X/G. Besides, for any other G-invariant morphism of dur K-sheafs h : X → Z
there is a unique morphism v :
˜˜
X/G → Z such that h = v ˜˜π and these properties define
˜˜
X/G uniquely up to an isomorphism. Analogous statements are valid for K-sheafs and
there is an inclusion ˜X/G ⊆ ˜˜X/G.
Let X be an affine superscheme and let G be an affine supergroup acting on X via
f : X ×G → X. If τ : K[X] → K[X] ⊗K[G] is a comorphism dual to f , then K[X]G =
{a ∈ K[X]|τ(a) = a⊗ 1} is a supersubalgebra of K[X]. The embedding K[X]G → K[X]
induces a G-invariant morphism i : X → SSp K[X]G. In particular, there are uniquely
defined morphisms i′ : ˜X/G → SSp K[X]G and i” : ˜˜X/G → SSp K[X]G such that
i′π˜ = i = i”˜˜π.
Proposition 4.1 Suppose that
˜˜
X/G (or ˜X/G, respectively) is an affine superscheme.
Then i” (or i′, respectively) is an isomorphism and K[X] is a faithfully flat K[X]G-
supermodule. If ˜X/G is an affine superscheme and G is algebraic, then K[X]G ≤ K[X].
Proof. Let
˜˜
X/G = SSp R or ˜X/G = SSp R. There is a canonical isomorphism prX × f :
X×G ≃ X×SSp RX (see [4], part I (5.5)) that is dual to the isomorphism of superalgebras
φ : K[X]⊗RK[X] ≃ K[X]⊗K[G] defined by a⊗ b 7→
∑
ab1⊗ b2, where τ(b) =
∑
b1⊗ b2
and a, b ∈ K[X]. Repeating the proof of [4], part I (5.7) we obtain an isomorphism of
B-superalgebras B ⊗R K[X] ≃ B ⊗ K[G], where B is either ff-covering of R or R ≤ B.
Using a superversion of Proposition 4 from [3], I, §3 we see that K[X] is a faithfully flat
R-supermodule. Thus K[X]G ⊆ R ⊆ K[X]. If G is algebraic, then B ⊗K[G] is a finitely
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presented B-superalgebra. A superversion of Lemma 1.4, [6], I implies that R ≤ K[X] in
the case of K-sheafs. Composition of φ and an exact sequence
0→ R→ K[X] →→ K[X]⊗R K[X]
gives R ⊆ K[X]G.
Proposition 4.2 Assume that R is a supersubalgebra of K[X]G and the canonical mor-
phism X×G→ X×SSp RX is an isomorphism. If K[X] is a faithfully flat R-supermodule,
then R = K[X]G and
˜˜
X/G ≃ SSp R. Additionally, if R ≤ K[X], then ˜X/G ≃ SSp R.
Proof. Consider a G-invariant morphism of dur K-sheafs X → Z. By Yoneda’s lemma
this morphism is uniquely defined by some element z ∈ Z(K[X]). The G-invariance of this
morphism is equivalent to the following property. For any A ∈ SAlgK and for arbitrary
α ∈ X(A), β ∈ G(A) we have Z(α)(z) = Z((α ⊗ β)τ)(z). Set A = K[X] ⊗ K[G] and
α : a 7→ a ⊗ 1, β : b 7→ 1 ⊗ b for a ∈ K[X] and b ∈ K[G]. Then α ⊗ β = idK[X]⊗K[G].
Therefore z belongs to the kernel of
Z(K[X])
Z(α)→
Z(τ)→
Z(K[X]⊗K[G]).
On the other hand, the above diagram can be identified with
Z(K[X])
Z(γ1)→
Z(γ2)→
Z(K[X]⊗R K[X])
via bijection Z(K[X]⊗RK[X])→ Z(K[X]⊗K[G]), where γ1 : a 7→ a⊗1 and γ2 : a 7→ 1⊗a
for a ∈ K[X]. Setting Z = A1|1 we obtain that K[X]G ⊆ R. Furthermore, if Z is a dur K-
sheaf, then z belongs to the image of the map Z(R)→ Z(K[X]) induced by the inclusion
R → K[X]. The above quoted Yoneda’s lemma completes the proof. These arguments
can be repeated per verbatim for K-sheafs.
5 Coideal supersubalgebras of Hopf superalgebras
Let A be a commutative Hopf superalgebra. Its supersubalgebra B ⊆ A is called a left
(or right, respectively) coideal iff B is a left (or right, respectively) A-supercomodule. A
typical example is as follows. If I is a superideal and a coideal of A, then C = A/I is
a superbialgebra and B = AC (or B = CA, respectively) is a left (or right, respectively)
coideal, see [12]. Denote by HC the category whose objects are right A-supermodules and
C-supercomodules simultaneously, together with even morphisms such that τM(ma) =∑
(−1)|c2||a1|m1a1 ⊗ c2p(a2), where δA(a) =
∑
a1 ⊗ a2 and τM (m) =
∑
m1 ⊗ c2 for
m ∈ M,a ∈ A,M ∈ HC and p : A → C = A/I is the canonical epimorphism. For
example, A,C ∈ HC .
Symmetrically, let B be a left coideal supersubalgebra of A. Denote by BH the category
whose objects are left B-supermodules and A-supercomodules simultaneously, together
with even morphisms such that τM (bm) =
∑
(−1)|b2||a1|b1a1⊗b2m2, where δA(b) =
∑
b1⊗
b2 and τM (m) =
∑
a1 ⊗m2 for b ∈ B,m ∈M,M ∈ BH. For example, B,A ∈ BH.
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Lemma 5.1 Let N be a right A-supermodule, B be a coideal superalgebra of A and M ∈
BH. The linear map ξ : N ⊗M → N ⊗M , defined by ξ(n ⊗m) =
∑
na1 ⊗m2, induces
an isomorphism of superspaces N ⊗B M → N ⊗M , where M = M/B+M and B+ =
B
⋂
ker ǫA.
Proof. It is not difficult to see that ξ is an isomorphism of superspaces. The inverse ξ−1
of ξ is defined by ξ−1(n⊗m) =∑nsA(a1)⊗m2. We have
ξ(nb⊗m− n⊗ bm) =
∑
nba1 ⊗m2 −
∑
(−1)|a1||b2|nb1a1 ⊗ b2m2 =
−
∑
(−1)|a1||b2|nb1a1 ⊗ (b2 − ǫA(b2))m2 ∈ N ⊗B+M
and
ξ−1(n⊗bm) =
∑
(−1)|a1||b2|nsA(b1a1)⊗b2m2 = −(
∑
ns(a1b1)b2⊗m2−
∑
ns(a1b1)⊗b2m2).
Lemma 5.2 Let p : A→ C be an epimorphism of superbialgebras. For any N ∈ HC ,M ∈
A−scomod the previously defined map ξ induces an isomorphism of superspaces NC⊗M ≃
NCM .
Proof. It can be checked easily that ξ(NC ⊗ M) ⊆ NCM and therefore it remains
to show that ξ−1(NCM) ⊆ NC ⊗M . Let {mi}i∈I be a homogeneous basis of M and
τM (mi) =
∑
k∈I aik⊗mk for i ∈ I. Notice that |aij | = |mi|+|mj | (mod 2) for i, j ∈ I. The
condition
∑
i∈I ni ⊗ mi ∈ NCM is equivalent to equalities τN (ni) =
∑
k∈I nk ⊗ p(aki)
for i ∈ I. Applying ξ−1 we see that all we have to check is uk =
∑
i∈I nisA(aik) ∈ NC for
all k. But this follows from
τN (uk) =
∑
i,t,l∈I
(−1)|alt||alk|ntsA(alk)⊗ p(atisA(ail)) =
∑
t,l∈I
(−1)|alt||alk|ntsA(alk)⊗ p(ǫ(atl)) = uk ⊗ p(1).
Observe that a superideal AB+ is also a coideal. It follows from δA(b) = b⊗1+
∑
a1⊗b2
for b ∈ B, b2 ∈ B+. Define functors Φ : BH → A− scomod and Ψ : A− scomod→ BH by
Φ(M) = M, Ψ(N) = AAN . The functor Ψ is right adjoint of Φ by [12]. Adjunctions
uM :M → ΨΦ(M) = AAM, vN : ΦΨ(N) = AAN → N are defined bym 7→
∑
a1⊗m2
and
∑
n⊗ a 7→ ∑ ǫA(a)n. Symmetrically, one can define functors Θ : smod − B → HC
and Ω : HC → smod − B by Θ(M) = M ⊗B A, Ω(N) = NC . The functor Θ is left
adjoint of Ω by [12]. The corresponding adjunctions fM : M → ΩΘ(M) = (M ⊗B A)C
and gN : ΘΩ(N) = N
C ⊗B A→ N are defined by fM(m) = m⊗ 1 and gN (n⊗ a) = na.
Lemma 5.3 Let V ∈ smod−A be a flat B-supermodule. Then V ⊗BΨ(N) is isomorphic
to V ⊗N via v ⊗ (∑ a⊗ n) 7→∑ va⊗ n, where v ∈ V,∑ a⊗ n ∈ Ψ(N).
Proof. Maps (idA⊗?)δA⊗ idN and idA⊗ τN are morphisms of left B-supermodules. They
combine to a canonical isomorphism V ⊗BΨ(N) ≃ (V ⊗BA)AN (see also Proposition 1.3,
[13]). On the other hand, ξ : V ⊗BA→ V ⊗A is an isomorphism of right A-supercomodules
and its composition with ξ ⊗ idN gives V ⊗B Ψ(N) ≃ V ⊗AAN ≃ V ⊗N .
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Lemma 5.4 Let V ∈ A − scomod and V be a coflat C-supercomodule. For any B-
supermodule T there is an isomorphism T⊗V ≃ Θ(T )CV defined by t⊗v 7→
∑
t⊗c1⊗v2,
where τV (v) =
∑
c1 ⊗ v2.
Proof. Denote by p : T ⊗ A → T ⊗B A the canonical epimorphism of superspaces. A
sequence 0→ ker p→ T ⊗A p→ T ⊗BA is exact in the category C−scomod. In particular,
it induces a canonical isomorphism T ⊗B (ACV ) → (T ⊗B A)CV . Composition with
idT ⊗ ξ gives the isomorphism of the lemma.
Lemma 5.5 Let A be a superalgebra and let φ : M → N be an epimorphism of free
A-supermodules of the same finite rank. Then φ is an isomorphism.
Proof. Denote the rank of both M and N by (r, s). Choose free generators mi, ni for
1 ≤ i ≤ r + s = n of supermodules M and N correspondingly. Additionally, assume
that |mi| = |ni| = 0 if 1 ≤ i ≤ r and |mi| = |ni| = 1 otherwise. Denote φ(mi) = n′i
for 1 ≤ i ≤ n and write n′i =
∑
1≤k≤n biknk, ni =
∑
1≤k≤n cikn
′
k for 1 ≤ i ≤ n. Matrices
B = (bik) and C = (cik) belong to Matr,s(A)0 and CB = En. Considering the last matrix
equation modulo the superideal AA1, we infer that even diagonal blocks of the matrix
C are invertible. By Lemma 1.7.2 of [8], (see also Theorem 3.1, [16]) C is invertible. In
particular, the elements n′i are free generators over A.
Proposition 5.1 If M ∈ HB, then a left B-module MB+ is flat.
Proof. We follow the same ideas as in the proofs of Lemma 3.1 and of Corollary 3.3
in [10]. First of all, it is enough to consider the case when M is finitely generated.
Using the isomorphism K[G] ⊗B M → K[G] ⊗M we see that a left K[G]-supermodule
K[G] ⊗B M is free of rank (m,n), where m = dimM0 and n = dimM1. It is clear
that there is an isomorphism of B-supermodules f : Bm
⊕
(Bc)n → M which induces an
isomorphism modulo B+. On the other hand, BB+ is a local algebra. Thus radMB+ =
(B+BB+)MB+ and the localization of f , denoted by fB+ : B
m
B+
⊕
(Bc
B+
)n → MB+ , is
an epimorphism (cf. [15], 9.3.5, 9.4.1). Tensoring with K[G]B+ produces an epimorphism
g : K[G]m
B+
⊕
(K[G]c
B+
)n → K[G]B+⊗BB+MB+ . TheK[G]B+ -supermoduleK[G]B+⊗BB+
MB+ can be naturally identified with K[G]B+ ⊗B M ≃ K[G]B+ ⊗M . By Lemma 5.5,
the map g is an isomorphism and its composition with Bm
B+
⊕
(Bc
B+
)n → (K[G]c
B+
)n →
K[G]B+ is identified with fB+ .
Lemma 5.6 A Hopf superalgebra H is a direct union of all of its finitely generated Hopf
supersubalgebras.
Proof. Any finite subset X ⊆ H is contained in a finite dimensional supersubcoalgebra C.
Let ci for 1 ≤ i ≤ t be a homogeneous basis of C. The supersubalgebra generated by ci
and sH(ci) for 1 ≤ i ≤ t is obviously a Hopf superalgebra containing X.
Theorem 5.1 The Hopf superalgebra A is a flat left B-module.
Proof. Without a loss of generality one can assume that K is algebraically closed and
by Lemma 5.6 one can suppose that A is finitely generated. For any M ∈ Max(A),
the map TM : A → A defined by TM(f) =
∑
πM(f1)f2, where δA(f) =
∑
f1 ⊗ f2 and
πM : A → A/M = K, is an automorphism of the superalgebra A because A1 ⊆ M. The
inverse of TM is TsA(M) because πsA(M)(f) = πM(sA(f)) for f ∈ A.
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Next, the map TM takes B to B andM toM1 = ker ǫA. Using Proposition 5.1, Lemma
1.2 and the left-hand side version of Proposition 8, I, §2 of [3] we see that AB+ ⊗AAM1 is
a flat left B-module. The canonical epimorphism of left B-modules AB+ ⊗AAM1 → AM1
is split. Therefore AM1 is a flat left B-module. The isomorphism TM takes this module
to AαMM , where αM = TM|B . We complete the proof by combining Proposition 1.1, the
remark after Corollary 1.2 and the same reductions as in [10] (see also Lemma 7.1, III, §3
of [6]).
Corollary 5.1 If B is a Hopf supersubalgebra of A, then A is a faithfully flat (left and
right) B-module.
Proof. By Theorem 5.1 it remains to show that MA 6= A for all M ∈ Max(B). Since
J = AA1 is a Hopf superideal and J
⋂
B ⊆M, it suffices to check that M(A/J) 6= A/J .
On the other hand, A/J is a Hopf algebra and B/J is its Hopf subalgebra. By Takeuchi’s
theorem (see [12]), A/J is a faithfully flat B/J-module. The right-hand side statement
can be deduced from the right-hand side version of Theorem 5.1.
Let G be an affine supergroup and let H be its closed supersubgroup. The supergroup
H is called faithfully exact in G if K[G] is a faithfully exact right K[H]-supercomodule.
We identify the category of right H-supermodules mod − H with K[H] − scomod. In
particular, the functor Ψ = K[G]K[H]? can be identified with the inducing functor ind
G
H
(see [1]).
Proposition 5.2 The quotient
˜˜
G/H is affine iff IH = K[G]R
+ and K[G] is a faithfully
flat R-supermodule, where R is a left coideal supersubalgebra of K[G]H . If G is algebraic,
then ˜G/H is affine iff IH = K[G]R
+ and R ≤ K[G].
Proof. Lemma 5.1 and the equality IH = K[G]R
+ guarantees that G×H ≃ G×SSp R G.
Conversely, assume that the quotient
˜˜
G/H (or ˜G/H) is affine. In the following commuta-
tive diagram of superalgebras
K[G]⊗R K[G] ξ−→ K[G]⊗K[G]
ց ւ
K[G]⊗K[H]
the horizontal and the left diagonal arrows are isomorphisms. Thus K[G] → K[H] is an
isomorphism and it remains to refer to Proposition 4.2.
Theorem 5.2 The following statements are equivalent :
i) Quotient
˜˜
G/H is affine;
ii) H is a faithfully exact supersubgroup of G;
iii) indGH induces an equivalence of mod−H with the full subcategory RH;
iv) K[G] is an injective cogenerator in the category mod−H.
Proof. Combining Lemmas 5.1 – 5.4 and Proposition 5.2 with the proof of Theorems 1
and 2 from[12] we easily obtain that the properties i), ii) and iii) are equivalent to each
other. The equivalence of iii) and iv) was proved in Lemma 1.7.
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6 Quotients by normal supersubgroups
A group K-subfunctor H of a group K-functor G is said normal if H(A) E G(A) for all
A ∈ SAlgK . If G is a dur K-sheaf (or K-sheaf, respectively) and H is its normal subsheaf,
then Lemma 2.3 implies that
˜˜
G/H (or ˜G/H , respectively) is again group dur K-sheaf
(or group K-sheaf, respectively) and the canonical morphism G → ˜˜G/H (or G → ˜G/H ,
respectively) is a morphism of group K-functors.
If G is an affine supergroup and H is its closed supersubgroup, then HEG iff it satisfies
one of the following conditions
νr(f) =
∑
(−1)|f1||f2|f2 ⊗ f1sG(f3) ∈ IH ⊗K[G],
or
νl(f) =
∑
(−1)|f1||f2|f2 ⊗ sG(f1)f3 ∈ IH ⊗K[G],
for any f ∈ IH . The first condition is called right normality condition and the second
one is called left normality condition. These conditions are different in general (say for
quantum groups) but for supergroups they are equivalent because sG is an automorphism
of superalgebra K[G] of order two (see [9], 1.5, and [1], §2). The morphism νl is a su-
peralgebra morphism, it is dual to the morphism of superschemes G × G → G given by
(g1, g2) 7→ g−12 g1g2 for g1, g2 ∈ G(A) and A ∈ SAlgK (which defines a right action of G
on itself by conjugations). Symmetrically, νr is dual to the morphism (g1, g2) 7→ g2g1g−12 .
From now on, all group K-functors are assumed affine and all group subfunctors are
assumed closed unless otherwise stated.
Lemma 6.1 If H EG, then Lie(H) is a Lie superideal of Lie(G).
Proof. It is clear that Ad(G) ⊆ StabGL(Lie(G))(Lie(H)). Lemma 3.4 concludes the proof.
Let H be a supersubgroup of G. Denote the normalizer of H in G by NG(H). By
definition,
NG(H)(A) = {g ∈ G(A)|for any A− superalgebra B G(ιBA)(g)H(B)G(ιBA )(g)−1 = H(B)}.
Proposition 6.1 The normalizer NG(H) is a closed supersubgroup.
Proof. Consider f ∈ IH . Let νl(f) =
∑
u1 ⊗ u2 modulo IH ⊗K[G], where u1 are linearly
independent modulo IH . The elements u2 are called companions of f . Let I be a superideal
of K[G] generated by companions of all f . Set B = K[H] ⊗ A and ιBA = 1 ⊗ idA. Then
h = p⊗ 1 ∈ H(B), where p is the canonical epimorphism K[G]→ K[H]. We have
(G(ιBA)(g)
−1hG(ιBA)(g))(f) =
∑
u1 ⊗ g(u2) = 0.
Thus g(u2) = 0. Conversely, if all g(u2) = 0, then G(ι
B
A)(g)H(B)G(ι
B
A)(g)
−1 ⊆ H(B) for
any A-superalgebra B. It implies NG(H) = V (I + sG(I)).
Lemma 6.2 If H EG, then R = HK[G] = K[G]H is a Hopf supersubalgebra of K[G].
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Proof. It is enough to observe that f ∈ R = K[G]H iff f(gh) = f(g) for all g ∈ G(A), h ∈
H(A) and A ∈ SAlgK . In particular, f(hg) = f(gg−1hg) = f(g) implies that the antipode
sG induces an automorphism of R.
If φ : G → H and ψ : L → H are morphisms of affine supergroups, then G ×H L is
a supersubgroup of G × L. In the case L ≤ H we can identify the fiber product G ×H L
with a supersubgroup of G that we call a preimage of φ−1(L). Besides, K[φ−1(L)] =
K[G]/K[G]φ∗(IL). In particular, a kernel N = kerφ ≤ G coincides with G ×H E, where
E is the trivial supersubgroup of H. It is also a kernel in the category of supergroups (see
Proposition 1.6.1 from [9]). As in [9], we have that N EG and, moreover, N E φ−1(L).
Theorem 6.1 A supergroup
˜˜
G/N is isomorphic to a supersubgroup of H (the image of
φ). More precisely, Imφ = SSp K[H]/ ker φ∗ = SSp Imφ∗. Thus N is faithfully exact
supersubgroup of G. If G and H are algebraic, then ˜G/N =
˜˜
G/N .
Proof. The definition of IN guarantees that the canonical morphism G×N → G×Imφ G
is an isomorphism. Besides, Imφ∗ ⊆ K[G]N . Proposition 5.2 and Corollary 5.1 imply the
first statement. The second statement is deduced easily from Lemma 1.1.
Corollary 6.1 The canonical epimorphism φ−1(L) → L⋂ Imφ, which is dual to the
embedding K[H]/(IL+kerφ
∗)→ K[G]/K[G]φ∗(IL), induces an isomorphism ˜˜φ−1(L)/N ≃
L
⋂
Imφ. Moreover, the diagram
˜˜
G/N ≃ Imφ
↑ ↑
˜˜
φ−1(L)/N ≃ L⋂ Imφ
,
where the vertical maps are natural embeddings, is commutative.
Proposition 6.2 The following statements are equivalent :
i) A quotient
˜˜
G/H is affine for any algebraic supergroup G and for any normal supersub-
group H of G;
ii) Quotient
˜˜
G/H is affine for any affine supergroup G and for any normal supersubgroup
H of G.
Proof. We have to check only the implication i) → ii). According to Lemma 5.6, K[G] is
a direct union of its finitely generated Hopf supersubalgebras, say K[G] =
⋃
α∈ABα. Set
Iα = Bα
⋂
IH for α ∈ A. By Theorem 5.1 and by i) for any pair Hα = SSp Bα/IαEGα =
SSp Bα we obtain that Bα = K[Gα] is a faithfully flat (left and right) Rα = K[Gα]
Hα-
module and Iα = BαR
+
α . It is clear that
⋃
α∈ARα = R = K[G]
H . By Lemma 7.1, III,
§3 of [6], K[G] is faithfully flat (left and right) R-module. It remains to observe that
IH =
⋃
α∈A Iα =
⋃
α∈ABαR
+
α = K[G]R
+.
Remark 6.1 If G is algebraic, H E G and
˜˜
G/H is affine, then
˜˜
G/H = ˜G/H . In fact,
IH = K[G]R
+, where R = K[G]H . By Lemma 1.1 the superideal IH is finitely generated.
Moreover, it is generated by some finite subset from R+. By Lemma 5.6 this subset is
contained in a finitely generated Hopf supersubalgebra B ⊆ R. Using Propositions 5.2 and
4.2 we see that B = R.
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Proposition 6.3 Let G be an algebraic supergroup and H ≤ G. There is a linear repre-
sentation φ : G→ GL(V ) such that φ : G ≃ Imφ and φ|H : H ≃ StabG(W ) for a suitable
supersubspace W ⊆ V .
Proof. There is a finite dimensional supersubcomodule V ⊆ K[G] containing all generators
of K[G] as well as all generators of IH . Let v1, . . . , vm+n be a basis of V such that |vi| = 0
for 1 ≤ i ≤ m and |vi| = 1 otherwise. Additionally, assume that v1, . . . , vs, vm+1, . . . , vm+t
for s ≤ m and t ≤ n is a basis of W = IH
⋂
V . We have a morphism of supergroup
φ : G → GL(V ) defined by g 7→ (g(rij)) for g ∈ G(A) and A ∈ SAlgK , where τV (vi) =
δG(vi) =
∑
1≤j≤m+n vj ⊗ rji for 1 ≤ i ≤ m + n. If M = {1, . . . , s,m + 1, . . . m + t} and
i ∈M, j 6∈M , then rji ∈ IH . Superalgebra Imφ∗ is generated by the elements rij and by
the multiplicative set generated by determinants of even blocks of the matrix (rij). On
the other hand, vi =
∑
1≤j≤m+n ǫG(vj)rji for every i. Thus Imφ
∗ = K[G] and ker φ = E.
Finally, if i ∈M , then vi =
∑
j 6∈M ǫG(vj)rji. In other words, φ(H) = StabG(W ).
Proposition 6.4 Let G be a group K-sheaf and N1 ≤ N2 be group subsheafs of G. If N1E
G, then H = ˜N2/N1 is a group subsheaf of M = ˜G/N1 and ˜M/H ≃ ˜G/N2. Additionally,
if N2 E G, then H E M and the last isomorphism is an isomorphism of group sheafs.
Analogous statements are valid for dur K-sheafs.
Proof. It is an easy consequence of the universal property of quotients combined with
Lemma 2.3.
Now we can formulate and prove the main result of this paper.
Theorem 6.2 If G is an affine supergroup and N is a normal supersubgroup of G, then
˜˜
G/N is again an affine supergroup.
Let G be an affine supergroup and N is a normal supersubgroup of G. By Proposition
6.2 one can assume that G is algebraic. Define the supersubgroup N ≤ G in such way that
IN = K[G]R
+, where R = K[G]N . By Lemma 6.2 we have N ≤ NEG and ˜˜G/N ≃ SSp R.
It remains to prove that N = N .
Lemma 6.3 The superalgebra K[N ]N coincides with K.
Proof. The canonical isomorphism K[G] ⊗R K[G] → K[G] ⊗K[N ] is an isomorphism of
right K[N ]-supercomodules. Consider the following exact sequence of R-supermodules
0→ R→ K[G] φ→ K[G]⊗K[N ],
where φ(a) =
∑
a1 ⊗ a2 − a⊗ 1 for a ∈ K[G] and δG(a) =
∑
a1 ⊗ a2. Using Theorem 5.1
we obtain K[G]⊗R R = (K[G] ⊗R K[G])N ≃ K[G]⊗K[N ]N which implies K[N ]N = K.
From now on we assume that G is algebraic and K[G]N = K unless stated otherwise.
Without a loss of generality one can assume that K is algebraically closed. Up to the end
of this section charK = p > 0.
The radical r of the superalgebra K[G] is a Hopf superideal. In fact, a superalgebra
K[G]/r ⊗K[G]/r is reduced as the coordinate algebra of an affine variety Max(K[G]) ×
Max(K[G]). A supergroup Gred corresponding to the Hopf superideal r is pure even. In
other words, it is an affine group (= affine group scheme). Besides, Gred ≤ Gev, where
IGev = K[G]K[G]1. It is clear that U = N
⋂
Gred EGred.
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Lemma 6.4 We have K[Gred]
Nred = K. In particular, Gred ≤ U or equivalently, U =
Nred.
Proof. Assume that an element f ∈ K[G]0 represents a Nred-invariant in K[Gred], that is
δG(f)− f ⊗ 1 ∈ r⊗K[G]+K[G]⊗ (r+ IN ). Since r is a nilpotent ideal, it follows that for
a sufficiently large integer M > 0 we have δ(fp
M
) − fpM ⊗ 1 ∈ K[G]⊗ IN . In particular,
fp
M
= a ∈ K. Thus f = b + x, where b ∈ K, bpM = a and x ∈ r. The second statement
follows from Theorem 4.3 of [11].
According to Proposition 6.3 we can write G ≤ GL(V ) and N = StabG(W ) for suitable
supersubspacesW ⊆ V . Using the notations from Proposition 6.3 one can depict a matrix
from GL(V )(F ) for F ∈ SAlgK as (
A B
C D
)
,
where A = (Aij) ∈ GLm(F0), B = (Bij) ∈ Mm×n(F1), C = (Cij) ∈ Mn×m(F1) and D =
(Dij) ∈ GLn(F0) for i, j = 1, 2, where the blocks Aij and Bij (Cij and Dij , respectively)
have s rows if i = 1, and m − s rows if i = 2 (t rows if i = 1, and n − t rows if i = 2,
respectively). Symmetrically, the blocks Aij and Cij (Bij and Dij , respectively) have s
columns if j = 1, and m − s columns if j = 2 (t columns if j = 1, and n − t columns if
j = 2, respectively). The supergroup S(F ) = (StabGL(V )(W ))(F ) consists of all matrices
with A21 = 0, B21 = 0, C21 = 0 and D21 = 0.
The open subfunctor GL(V )f , where f = det(A11) det(D11), contains S. Let U be
a closed supersubscheme of GL(V )f defined by equations A11 = Es, A22 = Em−s,D11 =
Et,D22 = En−t, B11 = 0, B12 = 0, B22 = 0, C11 = 0, C12 = 0, C22 = 0,D12 = 0 and
A12 = 0. It is obvious that U is an (unipotent) supersubgroup of GL(V ).
Proposition 6.5 We have an isomorphism of superschemes ψ : GL(V )f ≃ U × S com-
muting with the right action of S given by multiplication.
Proof. The above isomorphism ψ : GL(V )f → U × S is defined by the rule(
A B
C D
)
7→
(
A′ B′
C ′ D′
)
×
(
A” B”
C” D”
)
,
where (
A′ B′
C ′ D′
)
∈ U,
(
A” B”
C” D”
)
∈ S,
and
A11 = A”11, A12 = A”12, B11 = B”11, B12 = B”12,
C11 = C”11, C12 = C”12, D11 = D”11, D12 = D”12,
(
A′21 B
′
21
)
=
(
A21 B21
)( A11 B11
C11 D11
)−1
,
(
C ′21 D
′
21
)
=
(
C21 D21
)( A11 B11
C11 D11
)−1
,
A”22 = A22 −A′21A12 −B′21C12, B”22 = B22 −A′21B12 −B′21D12,
C”22 = C22 − C ′21A12 −D′12C12,D”22 = D22 − C ′21B12 −D′12D12.
The inverse morphism is just the multiplication map.
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Lemma 6.5 The supergroup G is a closed supersubscheme of GL(V )f .
Proof. Since N ⊆ GL(V )f , we see that the image of f in K[G] is invertible modulo the
superideal IN . On the other hand, IN ⊆ r and therefore, f ∈ K[G]∗.
Proposition 6.6 The supergroup G coincides with N .
Proof. The naive quotient morphism GL(V )f → GL(V )f/S can be identified with the
composition of ψ and the projection U×S → U . In particular, ˜˜GL(V )f/S = GL(V )f/S ≃
U . The induced morphism π : G→ GL(V )f/S is dual to the composition of the embedding
K[U ]⊗1→ K[U ]⊗K[S] and the epimorphismK[U ]⊗K[S]→ K[G]. The last epimorphism
is a morphism of right K[N ]-supercomodules. Since K[U ]⊗1 = (K[U ]⊗K[S])S it follows
that Imπ∗ = K, that is G ⊆ S.
7 Quotients of finite supergroups
Let G be an affine supergroup and letH,N be supersubgroups of G such thatH normalizes
N . Denote the semi-direct product of H and N by H×˙N . More precisely, (H×˙N)(A) =
H(A)×N(A) and (h, n)(h′, n′) = (hh′, h′−1nh′n′) for any h, h′ ∈ H(A), n, n′ ∈ N(A), A ∈
SAlgK . We have a natural morphism g : H×˙N → G, (h, n) 7→ hn. By Theorem 6.1 the
image of g is a closed supersubgroup of G which is denoted by HN . The construction in
Section 2 yields for any A ∈ SAlgK
HN(A) = {g ∈ G(A)|there exists ff-covering B of A such that G(ιBA)(g) ∈ H(B)N(B)}.
For example, assume that N is a kernel of an epimorphism π : G → L. The preimage
π|−1H (π|H(H)) coincides with HN . Theorem 6.1 and Corollary 6.1 imply that IHN =
K[G](π∗(ker ǫL)
⋂
IH).
Proposition 7.1 (see [4], part I, (6.2)) The quotient
˜˜
HN/H is isomorphic to
˜˜
N/(N
⋂
H).
Proof. The image of the canonical inclusion (N/(N
⋂
H))(n) → (HN/H)(n) is dense with
respect to the Grothendieck topology of ff-coverings. In fact, if gH(A) ∈ HN(A)/H(A),
then there is a ff-covering B of A such that g′H(B) = h′′n′′H(B) = h′′n′′(h′′)−1H(B),
where g′ = G(ιBA)(g), h
′′ ∈ H(B), n′′ ∈ N(B). Therefore,
˜˜
N/(N
⋂
H) =
˜˜
(N/(N
⋂
H))(n) =
˜˜
(HN/H)(n) =
˜˜
HN/H.
Lemma 7.1 Let A be a finitely generated (commutative) superalgebra and I be a nilpotent
superideal of A. If dimA/I is finite, then A is finite dimensional.
Proof. Since A1 is a finitely generated A0-module, all we have to check is that dimA0 <∞.
Denote by V a finite dimensional subspace of A0 such that V + I0 = A0. Choose a non-
negative integer k such that Ik+1 = 0. Let I0 =
∑
1≤i≤lA0zi. For any a ∈ A0 we have
a = v +
∑
1≤i≤l
aizi, where v ∈ V and ai ∈ A0.
21
Repeating this procedure for the coefficients ai we obtain
a =
∑
0≤t≤lk
∑
1≤i1,...,it≤l
vi1,...,itzi1 . . . zit ,
where v, vi1,...,it ∈ V. Therefore dimA0 ≤ l
lk+1−1
l−1 dimV .
Corollary 7.1 An algebraic supergroup G is finite iff Gred is finite or iff Gev is finite.
For any finite supergroup G denote by |G| the dimension of K[G]. We call |G| an order
of G. By Lemma 6.2 of [27] there are pairwise-orthogonal idempotents e1, . . . , en ∈ K[G]0
such that
∑
1≤i≤n ei = 1 and each K[G]ei has a unique (nilpotent) maximal ideal rei, r =
radK[G]. Without loss of generality one can assume that ǫG(e1) = 1 and ǫG(ei) = 0 for
i ≥ 2. A supersubalgebra of K[G], generated by e1, . . . , en, is denoted by B.
Lemma 7.2 Any idempotent of K[G] belongs to B.
Proof. Let x = x0 + x1 be an idempotent in K[G]. The equality x
2 = x implies that
x0 is also an idempotent and 2x0x1 = x1. Multiplying the last equality by x0 we obtain
that 4x0x1 = x1, hence x1 = 0. Any idempotent xei belongs to K[G]ei. In particular,
xei = αei + yei, where α = 0, 1 and y ∈ r. On the other hand, (x − α)ei is again an
idempotent that equals to a nilpotent element yei. Hence any xei is either zero or it is
equal to ei. Therefore x =
∑
1≤i≤n xei ∈ B.
Lemma 7.3 The algebra B is a Hopf (super)subalgebra.
Proof. We have to check that B is a (super)subcoalgebra. The radical of the superalgebra
A = K[G] ⊗ K[G] equals to J = r ⊗ K[N ] + K[N ] ⊗ r. Elements ei ⊗ ej are pairwise
orthogonal idempotents and their sum equals 1 ⊗ 1. Furthermore, Aei ⊗ ej/Jei ⊗ ej ≃
K ⊗ K ≃ K. Applying Lemma 7.6 to the finite supergroup G × G we conclude that
δG(B) ⊆ B ⊗B.
Consider the natural epimorphism of supergroups G→ SSp B and denote by G(0) its
kernel. We can consider G(0) as a connected component of G. The equivalent definition
will be given in Section 9.
Assume that there is a finite supergroup G and its supersubgroup H such that
˜˜
G/H is
not affine. The pair (G,H) is said bad. A bad pair defines a vector vG,H = (|G|, |G|−|H|) ∈
N2. Order vectors from N2 lexicographically from left to right. Choose a bad pair (G,H)
whose vG,H is minimal. Denote K[G]
H by R.
By Theorem 5.2(ii) the property to be a faithfully exact supersubgroup is transitive.
Therefore, there is not any supersubgroup H ′ such that H < H ′ < G. On the other hand,
the superideal K[G]R+ +K[G]sG(R
+) is contained in IH and it is Hopf one. There is a
supersubgroup H ′ such that IH′ = K[G]R
+ +K[G]sG(R
+). Since H ≤ H ′ it follows that
either H = H ′, that is IH = K[G]R
+ +K[G]sG(R
+), or G = H ′, that is R = K.
Assume that E < G(0) < G. The minimality of vG,H and Proposition 7.1 imply that
HG(0) < G and therefore, H = HG(0). Thus G(0) ≤ H. In the same way, by Proposition
6.4 we see that
˜˜
G/H is affine. Finally, if G(0) = E, then G is pure even and
˜˜
G/H is
always affine. The remaining case G = G(0) means that K[G] is a local superalgebra with
ker ǫG = r.
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Lemma 7.4 The superalgebra K[G] is a free R-module.
Proof. By Theorem 5.1 K[G] is a flatR-module. It remains to notice that R+ is a maximal
nilpotent ideal of R and use Corollary 2.1 [3], II, §3.
Lemma 7.5 Let L be an affine supergroup and N be an its supersubgroup such that IN =
K[L]T+ +K[L]sG(T
+), T = K[L]N . Then, the canonical morphism L → SSp T induces
an inclusion
˜˜
L/N ⊆ SSp T .
Proof. One has to check that the induced morphism (L/N)(n) → SSp T is injective. Let
g1, g2 ∈ L(A), A ∈ SAlgK , and assume that g1|T = g2|T . For a given t ∈ T+ we have
δL(t) = t⊗ 1 +
∑
h1 ⊗ t2, where t2 ∈ T+. By definition,
(g−11 g2)(t) = g1(sL(t)) +
∑
g1(sL(h1))g2(t2) = g1(sL(t)) +
∑
g1(sL(h1))g1(t2) =
g1(sL(t) +
∑
sL(h1)t2) = g1(ǫL(t)) = 0.
Analogously,
(g−1 1g2)(sL(t)) = g2(sL(t)) +
∑
(−1)|h1||t2|g1(t2)g2(sL(h1)) =
g2(sL(t)) +
∑
(−1)|h1||t2|g2(t2)g2(sL(h1)) = g−12 (ǫL(t)) = 0.
It follows that g−11 g2(IN ) = 0, that is g
−1
1 g2 ∈ N(A).
If H = H ′, then Lemma 7.5 implies that the morphism of K-functors G × H →
G ×SSp R G defined as (g, h) 7→ (g, gh), g ∈ G(A), h ∈ H(A), A ∈ SAlgK , is an isomor-
phism. Combining Proposition 4.2 with Lemma 7.4 we obtain that
˜˜
G/H ≃ SSp R!
Let R = K. Since the ideal IH is nilpotent, one can repeat the arguments from
Propositions 6.5 and 6.6 to conclude that G = H. Resuming all the above we obtain
Theorem 7.1 Let G be a finite supergroup and H ≤ G. Then, ˜˜G/H = SSp K[G]H .
Remark 7.1 In the conditions of the above theorem we have
˜˜
G/H = ˜G/H . In fact,
K[G]H is obviously noetherian and it remains to use Proposition 4.2.
8 Brunden’s question, charK = p > 0
Let G be an algebraic supergroup and H be its supersubgroup such that Hev is reductive.
It is equivalent to say that Hev is geometrically reductive [18, 19] and the last property
is kept by taking quotients and normal subgroups [20]. As above, we assume that K
is algebraically closed. Let A be a superalgebra. Denote by A(n) the superalgebra that
coincides as a ring with A, but where each a ∈ K acts as ap−n does on A (see [4]).
Lemma 8.1 (see [2], 3.1(a)) If A is a Hopf superalgebra and charK = p > 0, then
the linear map Fn : x 7→ xpn (Frobenius morphism) is a Hopf superalgebra morphism
A(n) → A.
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Proof. The identity ap
n
= ap
n
0 for a ∈ A implies that Fn is a superalgebra morphism.
Since δA and sA are superalgebra morphisms, the equations sAF
n = FnsA and δAF
n =
(Fn ⊗ Fn)δA follow easily.
Denote by fn : G→ SSp K[G](n) the morphism of supergroups dual to Fn : K[G](n) →
K[G]. The kernel Gn = ker fn is called the n-th infinitesimal supersubgroup. By Theorem
6.1, Gn is faithfully exact supersubgroup of G. Besides, ˜G/Gn ≃ SSpK[G]p
n
0 . If G is
algebraic, then any Gn is finite.
Lemma 8.2 Let L be an algebraic supergroup. For sufficiently large t ≥ 1 the epimor-
phism L→ ˜L/Lt induces an epimorphism Lev → ˜L/Lt. In particular, if Lev is reductive,
then ˜L/Lt is also reductive.
Proof. One has to check tat K[L]p
t
0
⋂
K[L]21 = 0 for for some t ≥ 1. Let I be a radical
of K[L]0. The algebra K[L]0 is noetherian. It follows that I
s = 0 for some s ≥ 1. If W
is a complement of vector subspace I to K[L]0, then K[L]
pt
0 = W
pt, provided pt ≥ s. It
remains to notice that K[L]21 ⊆ I and W p
t⋂
I = 0.
Proposition 8.1 The quotient
˜˜
G/H is affine.
Proof. Consider the supersubgroup HGt. By Lemma 3.1 one can assume that Hev →
˜H/Ht = ˜HGt/Gt is an epimorphism. Combine with Corollary 4.5 from [21] we see that
the quotient of ˜G/Gt over the supersubgroup ˜HGt/Gt is affine. Since the property to be
a faithfully exact supersubgroup is transitive we refer to Theorem 7.1 and Proposition 7.1
to conclude the proof.
9 Quotients by normal supersubgroups, charK = 0
An algebraic supergroup G is called pseudoconnected if
⋂
n≥0Mn = 0, whereM = ker ǫG.
Lemma 9.1 Let G be an algebraic supergroup. The superideal I =
⋂
n≥0Mn is a Hopf
superideal and the supersubgroup G[0] = V (I) is normal and connected.
Proof. By definition, sG(M) = M. It remains to check that I is a coideal and νl(I) ⊆
I⊗K[G]. The trivial supersubgroup is obviously normal. In particular, νl(M) ⊆M⊗K[G]
which implies νl(Mn) ⊆Mn⊗K[G] for all n ≥ 0 and we conclude that νl(I) ⊆ I ⊗K[G].
Furthermore,
δG(Mn) ⊆
∑
0≤i≤n
Mi ⊗Mn−i ⊆
⋂
0≤i≤n
(Mi ⊗K[G] +K[G]⊗Mn−i)
and
δG(I) ⊆
⋂
n≥0
δG(Mn) ⊆
⋂
n≥0
(Mn ⊗K[G] +K[G]⊗Mn) = I ⊗K[G] +K[G]⊗ I.
The supersubgroup G[0] is called a pseudoconnected component of G. It is clear that
G is pseudoconnected iff G = G[0]. Additionally, Dist(G) = Dist(G[0]) and Lie(G) =
Lie(G[0]). The proof of Lemma 9.1 shows that if N EG, then N [0] EG also. Besides, an
epimorphic image of a pseudoconnected supergroup is again pseudoconnected.
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Lemma 9.2 (Krull’s intersection theorem) Let A be a finitely generated commutative
superalgebra and V be a finitely generated A-supermodule. For any superideal I of A we
have
⋂
t≥0 I
tV = {v ∈ V |there exists x ∈ I0 such that (1− x)v = 0}.
Proof. Observe that V is finitely generated as a A0-module. Since I
t ⊆ I [
t
2
]
0
⊕
I
[ t−1
2
]
0 I1 we
see that ItV ⊆ I [
t−1
2
]
0 V0
⊕
I
[ t−1
2
]
0 V1. Proposition 5, [3], III, §3, concludes the proof.
Proposition 9.1 Let π : G→ H is an epimorphism of algebraic supergroups. If charK =
0, then the induced short sequence of Lie superalgebras
0→ Lie(ker π)→ Lie(G) dpi→ Lie(H)→ 0
is exact.
Proof. Since Ikerpi = K[G]π
∗(ker ǫH) it obviously implies that ker dπ = Lie(ker π). Com-
bining Lemma 9.2 with word-by-word repeating the proof of Proposition 7.6, [4], part I,
we obtain that dπ : Dist(G) → Dist(H) is surjective. Now Lemma 3.1 concludes the
proof.
Remark 9.1 If charK = 0, then any algebraic supergroup G is reduced (or smooth),
meaning that the radical of K[G] coincides with IGev . Indeed, by Theorem 11.4 of [27]
the Hopf superalgebra K[G]/IGev is reduced, and in particular, Gr = Gev. It is proved
in [28] that a completion of K[G] with respect to a M-adic topology is isomorphic to
K[[t1, . . . , tm|z1, . . . zn]] for anyM∈Max(K[G]), where m = dimLie(G)0, n = dimLie(G)1
(see also Lemma 3.1 and use automorphism TM from Theorem 5.1).
Any (left) G-supermodule V is a Dist(G)-supermodule via φv =
∑
(−1)|φ||v1|v1φ(f2) for
φ ∈ Dist(G) and v ∈ V, τV (v) =
∑
v1⊗ f2, see [24, 25]. If V, V ′ are G-supermodules, then
we have a canonical embedding HomG(V, V
′) ⊆ HomDist(G)(V, V ′).
The proof of the following lemmas is a copy of the proofs of Proposition 7.5, Lemmas
7.15 and 7.16, [4], part I.
Lemma 9.3 Let H1,H2 be supersubgroups of an algebraic supergroup G and H1 be pseu-
doconnected. Then H1 ⊆ H2 is equivalent to Dist(H1) ⊆ Dist(H2). Additionally, if
charK = 0, then H1 ⊆ H2 is equivalent to Lie(H1) ⊆ Lie(H2).
Lemma 9.4 If G is pseudoconnected and algebraic, then a supersubspace W of a G-
supermodule V is a G-supesubmodule iff W is a Dist(G)-supersubmodule. If charK = 0,
then W is a G-supesubmodule iff W is a Lie(G)-supersubmodule.
Lemma 9.5 If G is pseudoconnected and algebraic, then HomG(V, V
′) = HomDist(G)(V, V
′)
for any G-supermodules V and V ′. If charK = 0, then HomG(V, V
′) = HomLie(G)(V, V
′).
Proposition 9.2 If L is algebraic and N EL, then the equality Lie(N) = Lie(L) implies
that
˜˜
L/N = ˜L/N is affine and finite.
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Proof. Without loss of generality, one can assume that K[L]N = K and K is algebraically
closed. Denote the supergroup N
⋂
Gred by U . We have
Lie(U) = Lie(N)
⋂
Lie(Gred) = Lie(G)
⋂
Lie(Gred) = Lie(Gred).
It follows that the affine group ˜Lr/U is finite. In other words, an algebra B = K[ ˜Lred/U ] =
K[Lred]
U is finite dimensional. By Lemma 6.2 of [27] we have B =
∏
1≤i≤nBe
′
i, where
e′1, . . . e
′
n are pairwise orthogonal idempotents such that
∑
1≤i≤n e
′
i = 1. Besides, each
algebra Be′i is isomorphic to K. By Corollary 1, [3], II, §4, there are pairwise orthogonal
idempotents e1, . . . , en ∈ K[L]0 such that their respective images in K[Lred] coincide with
e′1, . . . e
′
n and
∑
1≤i≤n ei = 1. Consider an idempotent e = ei. As in Lemma 6.3 we have
δL(e) − e ⊗ 1 ∈ r ⊗K[L] +K[L]⊗ (r + IN ), where r = radK[L]. On the other hand, for
any odd exponent k, the equality (δL(e) − e⊗ 1)k = δL(e) − e ⊗ 1 holds. For sufficiently
large (odd) integer k we infer δL(e) − e ⊗ 1 ∈ K[L] ⊗ IN , forcing e ∈ K. It obviously
implies that n = 1, e1 = 1 and B = K. Repeating the arguments from Propositions 6.5
and 6.6, we see that
˜˜
L/N is affine. By Remark 6.1 R = K[L]N is finitely generated and
˜˜
L/N = ˜L/N . Let I be a radical of R. Since K[L] is a faithfully flat R-module we have
r
⋂
R ⊆ I = R⋂K[L]I ⊆ r, that is I = R⋂ r. In other words, the induced morphism
Lred → ( ˜L/N)red is an epimorphism. In particular, ( ˜L/N)red ≃ ˜Lred/U is finite.
Corollary 9.1 For any algebraic supergroup L the quotient ˜L/L[0] is a finite supergroup.
Remark 9.2 If charK = 0 and Lie(Gev) = Lie(Nev), then all statements of Proposition
9.2 hold also.
We define a connected component of an algebraic group G as the preimage of ( ˜G/G[0])(0)
in G. It is not difficult to check that G(0) can be defined as the intersection of kernels of
all morphisms G → L, where L is an even etale (super)group. Notice also that for any
finite G both components are the same. In fact, if e1, . . . , en are all primitive idempotents
of K[G] and ǫG(e1) = 1, then ker ǫG = r+K[G]e, where e =
∑
2≤i≤n ei and r = radK[G].
Thus IG[0] = K[G]e = IG(0) .
Remark 9.3 The supersubgrop G(0) is an open subfunctor of G. In fact, if e1, . . . , en are
all primitive idempotents of K[G]G
[0]
, then G(0) = Ge1 , provided ǫG(e1) = 1.
Question 9.1 Does G[0] coincide with G(0) for arbitrary G?
Question 9.2 Is G[0] an open subfunctor for arbitrary G?
Lemma 9.6 If G is pseudoconnected or connected, then Lie(G) = 0 implies G = E. In
particular, if charK = 0 and G is algebraic, then G(0) = G[0].
Proof. In the above notations Lie(G) = 0 iff r ⊆ K[G]e, that is ker ǫG = Be is an
idempotent and nilpotent ideal simultaneously. As for the second statement, Proposition
9.1 implies Lie(G(0)/G[0]) = 0.
Lemma 9.7 If H is a supersubgroup of G, then Lie(NG(H)) = (Lie(G)/Lie(H))
Ad(H).
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Proof. As in [6], II, §5, Lemma 5.7, it is enough to observe that x ∈ Lie(NG(H))(K) iff
for any A ∈ SAlgK and h ∈ H(A) we have
eε|x|x
′
h′e−ε|x|x
′
h′−1 = eε|x|(x
′−Ad(h)(x′)) ∈ H(A[ε0, ε1]),
e−ε|x|x
′
h′eε|x|x
′
h′−1 = eε|x|(Ad(h)(x
′)−x′) ∈ H(A[ε0, ε1]),
where x′ = G(ιAK)(x), h
′ = G(pA)(h). In other words, x ∈ Lie(NG(H))(K) iff x′ ±
Ad(h)(x′) ∈ Lie(H)(A) for any superalgebra A.
Let us return to the situation of Section 6, that is N ≤ G, where G is algebraic.
As before, one can assume that K is an algebraically closed of zero characteristic and,
if it is necessary, that K[G]N = K. Define the lower central (solvable) series of L by
L1 = L,Li+1 = [Li, L] (respectively, L(0) = L,L(i+1) = [L(i), L(i)].
As in Section 7 a pair (G,N) is called bad, whenever
˜˜
G/N is not affine. A vector
v ∈ N2 is called positive iff at least one coordinate of v is positive. Partially order the set
of bad pairs by (G,N) < (G′, N ′) iff s dimLie(G′) − s dimLie(G) is positive, otherwise
s dimLie(G′) − s dimLie(G) = 0 and s dimLie(N ′) − s dimLie(N) is positive. Choose a
minimal bad pair (G,N).
Proposition 9.3 If the superalgebra L = Lie(G) is not simple, then it is either semisim-
ple, whose a unique proper ideal is L2, or L2 = 0.
Proof. Let I be an proper ideal of L. Consider L as G-supermodule via Ad : G→ GL(L).
By Lemma 9.4 I is a G-supersubmodule and we define the induced morphism AdI : G→
GL(L/I). Denote kerAdI by H. By Proposition 9.1 Lie(H) is a proper supersubalgebra
of L iff L2 6⊆ I. As above, the minimality of (G,N) and Propositions 6.4 and 7.1 imply
that L2 is a smallest (possibly zero) ideal of L. If L is not semisimple, then considering
the morphism Ad|I : G → GL(I) for a proper abelian ideal I, we obtain [L, I] = 0. In
particular, L3 = 0. Finally, repeating the above arguments for the morphism Ad we
conclude that L2 = 0.
Using Propositions 6.4 and 7.1 and Theorem 7.1 as well, one can always assume that G
is connected. If L2 = 0, then Dist(G) is a commutative superalgebra. In its turn, K[G] is
cocommutative and G is an abelian supergroup. In particular, GevEG and the minimality
arguments imply that Lie(Gev) = 0. Corollary 7.1 and Theorem 7.1 conclude the proof in
this case. If L is simple, then Lie(N) = 0. By Proposition 6.4 and Lemma 9.6 this case
is reduced to N = Nev. The algebra K[G]0 can be regarded as a coordinate algebra of an
affine scheme on which N acts on the right. Combining [6], III, §2, n◦4, with K[G]N = K
we obtain that K[G]0 is finitely dimensional. By Theorem 7.1 this case is also done.
Finally, if L is semisimple, then we consider the supersubgroupH = (GevN)
[0]. Denote
by Q the normalizer NG(H) and by D its Lie superalgebra. By the above, one can assume
that Lie(N) 6= 0. It follows that L2 ⊆ Lie(N). Denote Lie(GevN) = L0 + Lie(N) by
M . Since L2 ⊆ M the supergroup H acts trivially on L/M . By Lemma 9.7 D/M =
(L/M)Ad(H) = L/M that infers G = Q and H EG. Again, by the minimality of (G,N)
we have either G = GevN and then
˜˜
G/N ≃ ˜˜Gev/(Gev
⋂
N) is affine, or L0 ⊆ Lie(N) and
Remark 9.2 concludes the proof of Theorem 6.2.
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10 Two examples
One more example of not necessary normal but faithfully exact supersubgroup is given
by a Levi supersubgroup. In notations of Proposition 6.3, a Levi supersubgroup Ls,t of
G = GL(m|n) consists of all matrices satisfying the equations A12 = 0, A21 = 0, B12 =
0, B21 = 0, B22 = 0, C12 = 0, C21 = 0, C22 = 0,D12 = 0,D21 = 0. Additionally, the blocks
A22 and D22 are diagonal matrices. It is clear that Ls,t ≃ GL(s|t) × T , where T is a
torus of dimension m+ n− s− t. Represent the coordinate superalgebra of K[GL(m|n)]
as K[A,B,C,D]d1d2 , where the blocks A,B,C,D are identified with the sets of their
coefficients, and d1 = det(A), d2 = det(D).
Define the map π : m+ n → m+ n by the rule π(i) = i + n and π(j) = j − m for
1 ≤ i ≤ m < j ≤ m+ n.
Lemma 10.1 There is a canonical isomorphism ψ : GL(m|n) → GL(n|m) such that
ψ(Ls,t) = Lt,s.
Proof. Denote the matrix coordinate functions on GL(m|n) by aij and the similar func-
tions on GL(n|m) by a′ij . It is easy to see that ψ∗(aij) = a′pi(i), pi(j) induces the required
Hopf superalgebra isomorphism K[GL(m|n)] ≃ K[GL(n|m)]. In fact, only the equality
ψ∗sGL(m|n) = sGL(n|m)ψ
∗ is not trivial. It is enough to prove it for generators aij and
using the following formulaes
ψ∗
(
A B
C D
)
=
(
ψ∗(D) ψ∗(C)
ψ∗(B) ψ∗(A)
)
,
sGL(m|n)
(
A B
C D
)
=
(
(A−BD−1C)−1 −A−1B(D − CA−1B)−1
−D−1C(A−BD−1C)−1 (D − CA−1B)−1
)
it can be done by straightforward calculations.
Using Lemma 10.1 and transitivity of inducing functor it remains to prove that Lm, n−1
(or Lm−1, n) is faithfully exact. In what follows let G = GL(m|n).
Lemma 10.2 The elements ai, m+nsG(am+n, j) for 1 ≤ i, j ≤ m + n, are L = Lm, n−1-
invariants. Moreover, they generate a left coideal supersubalgebra R such that IL =
K[G]R+.
Proof. Denote the image of x ∈ K[G] in K[L] by x. Since
δG(ai, m+nsG(am+n, j)) =
∑
1≤t, l≤m+n
(−1)|alj ||am+n, l|+|at, m+n||alj |aitsG(alj)⊗at, m+nsG(am+n, l),
it follows that R is a left coideal. Considering K[G] as a K[L]-supercomodule (where L
acts on G by the right multiplication) we determine
τK[G](ai, m+nsG(am+n, j)) = ai, m+nsG(am+n, j)⊗ am+n, m+nsG(am+n, m+n) =
ai, m+nsG(am+n, j)⊗ 1.
Notice that ai, m+nsG(am+n, j)−δi, m+nδm+n, j ∈ IL for 1 ≤ i, j ≤ m+n and consider
an index i 6= m + n. We have ai, m+n =
∑
1≤j≤m+n ai, m+nsG(am+n, j)aj, m+n ∈ IL and
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symmetrically, sG(am+n, j) ∈ IL for j 6= m+n. Denote by I a superideal generated by ele-
ments ai, m+n, sG(am+n, j) for 1 ≤ i, j < m+n. It is obvious that L ⊆ V (I). On the other
hand, g ∈ V (I)(A) iff g ∈ StabG(Kvm+n)(A) and g−1 ∈ StabG(
∑
1≤i≤m+n−1Kvi)(A).
The superversion of [4], part I (1.4) completes the proof of this claim.
By Proposition 5.2 and Theorem 5.1 all we have to show is that K[G]M 6= K[G] for
all M ∈ Max(R). Using the reduction from Corollary 5.1 one can work with algebraic
groups L0, n−1 ⊆ GL(0|n) ≃ GL(n). In other words, we can set G = GL(n), L =
StabG(Kvn)
⋂
StabG(
∑
1≤i≤n−1Kvi). By Corollary 4.5 of [21], the quotient
˜G/L is affine
and it is isomorphic to SpK K[G]
L. In particular, K[G]L ≤ K[G]. We will show that
K[G]L is generated by the elements ainsG(anj) for 1 ≤ i, j ≤ n.
Consider an element f
dk
∈ K[G], where f ∈ K[aij|1 ≤ i, j ≤ n] and d = det(aij).
Represent f as
f =
∑
α∈Nn
fα
∏
1≤i≤n
aαiin , where fα ∈ K[aij |1 ≤ i ≤ n, 1 ≤ j ≤ n− 1].
It can be checked easily that f
dk
∈ K[G]L iff all monomials ∏1≤i≤n aαiin in the above
representation of f have degree k and all coefficients fα are GL(n − 1)-semi-invariants of
weight k with respect to the action of this group by right multiplications on the variety
of n× (n− 1)-matrices Mn×(n−1). By Igusa’s Theorem (see [30] and Corollary 3.5 of [31])
the algebra K[Mn×(n−1)]
SL(n−1) = K[aij |1 ≤ i ≤ n, 1 ≤ j ≤ n− 1]SL(n−1) is generated by
all minors of size n− 1 which are just semi-invariants sG(anj)d of weight 1.
The next example shows that a quotient
˜˜
X/G (as well ˜X/G) is not always affine even
if G is finite. In what follows charK = 0. Let G = G−a be an odd unipotent supergroup
such that K[G] = K[t], where |t| = 1, δG(t) = t⊗ 1 + 1 ⊗ t and ǫG(t) = 0, sG(t) = −t. A
superspace V is a G-supermodule iff there is φ ∈ EndK(V )1, φ2 = 0, such that τV (v) =
v ⊗ 1 + φ(v) ⊗ t. Moreover, V G = kerφ. Assume that s dimV = (1, 1) and v1, v2 form a
Z2-homogeneous basis of V . Set φ(v1) = v2, φ(v2) = 0. The symmetric superalgebra S(V )
has the induced G-supermodule structure by
τS(V )(v
r
1) = v
r
1 ⊗ 1 + rvr−11 v2 ⊗ t, τS(V )(vr−11 v2) = vr−11 v2 ⊗ 1, r ≥ 0.
Since τS(V ) is a superalgebra morphism, there is an affine schemeX such thatK[X] = S(V )
and G acts on X. Denote K[X]G by R. We have R0 = K,R1 =
∑
t≥0Kv
t
1v2 and R
2
1 = 0.
In particular, R is commutative as an algebra.
Lemma 10.3 Any flat R-supermodule is flat as a module.
Proof. Any exact sequence of R-modules 0→ V →W → U → 0 can be turn into an exact
sequence of R-supermodules. In fact, set V1 = V
⋂
R1W and let V0 be a complement of
V1 to V . Since V0
⋂
R1W = 0, then R1W has a complement W0 to W such that V0 ⊆W0.
Finally, U = W0/V0
⊕
W1/V1. If M is a flat R-supermodule, then the functor M⊗R?
takes our sequence (of supermodules!) to an exact one.
Assume that ˜X/G or
˜˜
X/G is an affine superscheme. By Proposition 4.1 S(V ) is a
faithfully flat R-supermodule. Combining Lemma 10.3 with Corollary 2.1 [3], II, §3, we
obtain that S(V ) is a freeR-module. Let Rf ≃ R, f ∈ S(V ). The equality Rf = Rf0+Kf1
implies that either Rf = Rf0 or Kf1 is a projective R-module. Again by Corollary 2.1
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[3], II, §3, Kf1 has to be free, but it is obviously impossible. Thus S(V ) =
⊕
Rf , where
f runs over a basis of S(V )0. Without loss of generality one can assume that some f
equals 1. On the other hand, the summand R has nontrivial intersections with all other
summands! This contradiction shows that both ˜X/G and
˜˜
X/G are not affine.
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